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This paper is concerned with the n-dimensional integral representations 
of an order in an algebraic number field of degree n, and their composition. 
1. The it x n matrices A considered here have rational integral 
elements (such a matrix will be called a Z-matrix) and irreducible char- 
acteristic polynomials f(x) over the ring Z of rational integers. By the 
class of A is understood the set {PAS} where S is any unimodular 
Z-matrix n x n. Let (II be an algebraic integer for which f(a) = 0. 
It is known that the matrix classes corresponding to f(x) are in l-l 
correspondence with the ideal classes in the order Z[CX] generated by 01 
over Z (see [ 1, 51). The correspondence can be given in the following way: 
(1) Let A be a Z-matrix root of degree n off(x) = 0. Then 01 is a char- 
acteristic root of A and the corresponding vector can be chosen to be a 
Z-basis for an ideal in Z[(Y]. The ideal class of this ideal corresponds to the 
matrix class determined by A. 
In this correspondence the principal class in Z[(Y] corresponds to the 
class of the companion matrix and the class of the transposed matrix 
corresponds to the complementary ideal class. No satisfactory expression 
for the matrix class corresponding to the product of two ideal classes 
had been mentioned previously. The one given here is based on the 
concept of ideal matrix. 
In Section 2 earlier work on ideal matrices (see [3, 41 where earlier 
references are given) is reported on and its connection with classes of 
matrices and integral representations of orders is derived. In Section 3 
an expression for the product class is derived. Further, an analogous 
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result for integral representations is given. In Section 4 the previously 
obtained result for the transposed matrix class is reexamined in the light 
of the new results. 
2. The definitions of ideal matrix is as follows: Let w1 ,..., o, be a 
Z-basis for an order in an algebraic number field and cyr ,..., 01, be a Z-basis 
for an ideal 9I in that order. Then there exists a Z-matrix X, such that 
% a1 
x, i = i . 
0 0 
(2) 
wn % 
For a given ideal ‘$I, the matrix Xrr is uniquely determined up to a uni- 
modular Z-matrix factor U on the left and another one V on the right. 
This allows for a change of basis for both 2I and the whole order. Any 
such matrix UXrrV is then called an ideal matrix for 2l (see [3]). 
Ideal matrices can be characterized in the following way: Let Xi be the 
Z-matrices defined by 
q,:) =xi(l?). (3) 
Then X is an ideal matrix if and only if all 
xxix-1 (4) 
are Z-matrices. 
In this paper ideal matrices have to be defined for fractional ideals 
2I also. Such an % can be expressed as 2&,/m, where 2&, is an integral 
ideal and m a rational integer. Define the ideal matrix Xsr as the Q-matrix 
(l/m) &to. 
In [4] the ideal matrices for products of ideals VI * b in the maximal 
order of an algebraic number field were studied. It can be shown that the 
ideal matrix of the product %I!8 is of the form 
for some unimodular U.1 
This relation goes over for fractional ideals, for let 
X2f = (l/m) Xq, x, = (l/n) xs,, 
1 Since X%3 = %@I, also X%a = A’s% . But this is trivial since any pair of Z-matrices 
commute if unimodular factors may be inserted between them and on the outsides. 
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then 
for a suitable U and 
XaUX% = (l/mn) Xa,UXq = (l/mn) X~,B,. 
Next, the connections between the ideal matrices and the matrix classes 
will be established. Let C be the companion matrix for the polynomial 
f(x). Then 
1 
a 1 i:) =01 . . (6) a"-l 
From this fact, it was deduced in [3] that a matrix A from the class 
{S-1AS) is obtained from a matrix corresponding to the principal class by 
applying the similarity 
X&X,-’ (7) 
corresponding to an ideal ‘QI in the class which corresponds to S-‘AS. A 
converse of this is now established. Given a Z-matrix root A of f(x) = 0, 
we then have 
A(:;) =a(!;) 
by (1). Here, LYE ,..., 01, is a Z-basis of an ideal a. We further use (6). 
We know that X-lAX = C for some Z-matrix X. Hence, 
xcx-(1;) =f;), 
hence 
c(x-(1;)) =+-g). 
Since M is a characteristic root of multiplicity 1 of C, this implies that 
, 
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where k E Q(a). Hence, replacing ‘?I by k-l91 = {k-la, ,..., k-la,} gives 
hence, 
x = x, 03) 
for an ideal Ql chosen suitably in its class. 
If a Z-basis different from 1, a,..., ~-l is considered for o = Z[a], 
then we replace the concept of matrix classes by that of classes of Z- 
representations of the order o. Take any such representation and Iet 
A 1 ,*-*, A, be the matrices corresponding to the basis w1 ,..., w, . Then 
Ai has wi as a characteristic root. Let 0 be an element of o which generates 
Q(a). Then 0 = C i i f s w or some Si E Z, and 6 is a characteristic root of 
B = C siAi . Again, the corresponding vector 01~ ,..., (Y, can be chosen 
to be the basis of an ideal. In this way a l-1 correspondence between the 
ideal classes and classes of integral matrix representations emerges. Since 
9 is a generator, each wi is a polynomial pi(O). Hence, pi(e) = wi is a 
characteristic root of p,(B) = Ai with the same vector 01~ ,..., a,, : 
Af?) =q;) (i= I)..., n). (9) 
Three items of this correspondence will now be discussed: 
(I) the principal class, 
(II) the transposed matrix representation, 
(III) the role of the ideal matrices. 
(I): For this case, the matrices Ai can be given by the Xi defined in (3). 
If 1 , %.--3 an-l is the basis, then the companion matrix C has these p1 
elements as an eigenvector and the Xi are the powers of C. 
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(II): Since the ideal corresponding to a representation A, ,..., A, 
comes from (9), we have 
As(+J =wf’(+J, j= l,...,n 
for the conjugates. Denote the matrix (cY:~)) by A. We have 
Wi’ 
w; 
A-‘&l = 
( *I 
hence 
Wi’ 
w; 
d’/&‘(@)’ = 
i 
1 
, 
(p 
z 
. 
WY 
I 1 
and 
/ 
Wit 
wi” 
A,‘(d-1)’ = (d-1) 
\ 
* . 
- i 
. 
ah’ 
z 
The columns of (d-l)’ are made up of a basis fll ,..., /In for the comple- 
mentary ideal of % and its conjugates, see Taussky [2]). Hence 
A$) =wi(!J i= l,..., n. 
(III): Let X, be an ideal matrix for ?C[, then 
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leads to 
where XstXiX;;’ is an integral matrix in virtue of (4). 
Conversely, given a Z-representation defined by 
then 
Hence, 
Hence, 
XxAiXG'= Xi e 
3. The theory developed in 2 enables one to find an expression 
for the element corresponding to the product of the two ideal classes 
given by the ideals ‘$I, 23. In the case that the maximal order has the basis 
1) a,..., Ly”-1, it is the matrix class of 
with U unimodular. In the case of the classes of n x n Z-representations 
of the maximal order, the representations of the basis elements are 
txZI uxZtl -UxX ux23-', i = l,..., 12. (11) 
70 OLGA TAUSSKY 
4. Here we assume that the order o is the maximal order. 
We want to use the results from 3 to verify the fact that the companion 
matrix corresponds to the principal class in the case where 1, a,..., an-l 
is a basis. Further, we want to exploit the fact that the transposed matrix 
class corresponds to the inverse ideal class. 
The first fact is particularly easy. For, consider the product of the 
principal class and the class of an arbitrary ideal ?I. Their ideal matrices 
are U, , respectively U,X, V, , with U, , U, , Vz unimodular. Then for some 
unimodular U the ideal matrix corresponding to 2I = o2I is U,UU,X~V, 
which agrees with what we know. 
To check on the inverse ideal class, we consider the ideal matrices X, 
and XX-, . Then the ideal matrix of the principal class is 
for a suitable unimodular U. This must be a unimodular matrix V, hence 
X,-l = u-lxilv. (12) 
This implies by (7) that 
A’ = u-‘x~‘vc( u-‘x,-‘v)-’ 
On the other hand, we have again from (7) 
It is known that 
A’ = (X$3’ C’X,‘. 
C’ = WCS 
with S = S’ and unimodular (see [2]). 
Hence, 
A’ = (X&l)’ S-‘CSX%‘. 
Comparing the two expressions (13) and (14) for A’, we find 
and 
sx,‘u-lx~‘v = p(C) 
q(C) SX,’ = V-IX, u, 
(13) 
(14) 
where p and q are polynomials. 
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